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respect to profiles and with respect to streamwise variations,
and thus for providing the condition required to specify the
shape parameters of the velocity profiles The near con-
stancy of the parameter & suggests that either of the two
procedures just described for completing the system of equa-
tions for the direct problem will give equivalent results

IV Conclusions

An analysis of the turbulent incompressible boundary layer
with streamwise pressure gradients has been carried out
The analysis is applied to equilibrium and near-equilibrium
flows, which have been obtained experimentally by others
for adverse, zero, and favorable pressure gradients and
which may be constructed numerically by application of the
analysis The results of these applications indicate that
the suggestion of Clauser concerning the eddy viscosity in
the outer layer incorporated in the present analysis provides
a relatively simple, consistent, and accurate description of
such flows A means for determining the shape parameters
of the velocity profiles for nonequilibrium flow is thus
suggested
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Nonequilibrium Hypersonic Flat-Plate Boundary-Layer Flow
with a Strong Induced Pressure Field
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This paper presents a theoretical study of the effect of a strong self-induced pressure field on
nonequilibrium hypersonic boundary-layer flow along a sharp flat plate in a dissociating dia-
tomic gas An analytical solution for the nearly frozen flow near the leading edge is pre-
sented which explicitly shows the effects of the induced pressure field in the case of strong
interaction, including the back effect of the growing dissociation level on the induced pressure
field itself An approximate solution is also given for the entire nonequilibrium flow regime
The numerical results of the theory show that the induced pressure field can increase the de-
gree of dissociation over a 10-ft run of plate by a factor of three to four or more at hypersonic
flight conditions of practical interest These results also suggest that the fully viscous flow re-
gion very near the leading edge can play an important part in determining the nonequilibrium
dissociation history along the plate when the induced pressure field is taken into account
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dissociation rate distribution function [Eqs (6) and
(8)]

function defined in Eq (54)
boundary-layer stream function
parameter in fully viscous flow theory [Eq (57)]
h /h

specific molecular dissociation energy
total enthalpy
integral in displacement thickness relation [Eqs (11)

and (14)]
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I = nonequilibrium flow displacement thickness integrals
[Eq (46)]

^(,7) = reaction rate integral defined by Eq (43)
j = switching function defined by Eq (33)
K* = Mm(d8*/dx)
kD,kR = dissociation and recombination rate coefficients,

respectively
k ' = recombination rate constant
3£( 7 ) = equilibrium parameter
Le = Lewis number
Moo = freestream Mach number
n(x) = function defined by Eq (13)
Pr = Prandtl number
Pj = induced pressure perturbation due to nonequilibrium

dissociation [Eq (26)]
p = static pressure
p t = standard atmospheric pressure
pQ}F = constant defined by Eq (38)

qw — heat-transfer rate
R = recombination rate distribution function [Eqs (6)

and (9)]
Re™ x = paaUcoX/n«> (local Reynolds number based on free-

stream conditions)
(Rju = molecular gas constant
(HM = universal gas constant
S — dissociation rate parameter
s(rj) = solution to Eq (39)
5(77*) = parameter defined by Eq (50)
T — absolute temperature
TD = molecular dissociation temperature
TO = total temperature, Tco + u^/2cp
T i T 2 = reference temperatures in reaction rate
u = velocity component parallel to freestream direction
V8M = v M/v ( o o )
v (17) = function defined by Eq (42a)
WA = net volumetric rate of atom mass production [Eq (5)]
x,y = coordinates parallel and normal to plate respectively
zF = function defined by Eq (29)
a. = atom mass fraction
0* = parameter defined by Eq (45)
T = characteristic (flow time/dissociation time) parameter

[Eq (7)]

Introduction

BOUNDARY-LAYER induced pressure fields have been
heretofore neglected in analyses of nonequilibrium-

dissociated and ionized boundary-layer flows around slender
aerodynamic bodies Previous investigations concerning
the interaction between an induced pressure field and high-
tempeiature real gas effects have been confined to the limit-
ing cases of either chemically frozen or completely equilib-
rium dissociated gas flows 1 2 However, strong self-induced
pressures near the leading edge of such bodies do exist in just
those low Reynolds number flight regimes which also favor
a substantial departure from equilibrium within the bound-
ary layer over an appreciable extent of the body There-
fore, since the early dissociation and ionization rates in the
nonequilibrium boundary layer increase directly as the
pressure, neglect of the induced pressure field could signifi-
cantly underestimate the degree of dissociation and ionization
in the flow field surrounding high-altitude re-entry bodies

To obtain some insight into this problem, this paper pre-
sents a theory of the nonequilibrium hypersonic boundary
layer along a sharp flat plate in the presence of a strong self-
induced pressure field for the case of a dissociating diatomic
gas The analysis employs the usual boundary-layer equa-
tions in conjunction with a first-order, strong interaction
model of the induced pressure field based on hypersonic
small-disturbance theory This approach is a logical first
step in appraising both the effect of induced pressure fields
on the nonequilibrium boundary layer around slender aero-
dynamic bodies and the possible influence of the fully vis-
cous flow region very near the leading edge on this non-
equilibrium flow

The simplifying assumptions and basic formulation of the
problem are first given for either a completely catalytic or
perfectly noncatalytic plate surface Then, based on the
fact that atom recombination has a negligible effect on the
nonequilibrium relaxation in the boundary layer except
very near equilibrium,3 4 an analytical solution is obtained
which describes the nonsimilar chemical behavior for nearly
frozen flow along the plate By taking advantage of the
exponential dependence of the dissociation rate on the tem-
perature, a simple, closed-form approximation to this first-
order solution is also derived Furthermore, an approximate
solution is given for arbitrary reaction rate (including re-
combination) throughout the nonequilibrium flow regime by
performing a nonlinear, local extrapolation of the nearly
frozen solution Numerical examples of the theory for repre-
sentative hypersonic flight conditions are then presented and
discussed Finally, the significance of the fully viscous re-
gion very near the plate leading edge will be examined in
connection with these results

For mulation of the Problem

Consider laminar nonequilibrium boundary-layer flow
along a sharp flat plate immersed at zero angle of attack in a
hypersonic stream of diatomic gas The plate has a uniform
but arbitrary wall temperature and is either completely
catalytic or perfectly noncatalytic with respect to hetero-
geneous atom recombination on the surface The shock
envelope and the outer edge of the boundary layer are as-
sumed to be separated by a thin, nonreacting layer of in-
viscid small-disturbance hypersonic flow (u ^ u^, sinV <<C
1, a = <2co, 7 = 7ro) This assumption clearly breaks down
sufficiently close to the leading edge, where the entire shock
layer becomes fully viscous; the resulting limitations on
the present analysis are discussed below With respect to
the flow in the boundary layer, one adopts as a matter of
convenience the frequently employed simplifying assump-
tions Pr = Le = 1, pw = const = p^€ = p^^C^pe/p^),
where Cm is the Chapman-Rubesin constant, and cp = const
Moreover, following other investigators,5"7 the pressure
gradient term in the momentum equation is neglected, and
the velocity profile is taken to be independent of the solu-
tion to the energy and species conservation equations This,
approximation, which can be justified theoretically when
either the shock density ratio pm/p is very small7 8 or the
wall is highly cooled,5 6 has but a minor effect on the non-
equilibrium reaction effects of interest here

In terms of the well-known similarity coordinates

e .,
= * pdy

(1)
dx

the governing diffusion and energy equations for a non-
equilibrium-dissociating boundary layer of diatomic gas
can be written under the foregoing assumptions as

_
^ 2 ; *

where
cpT + + (M..V2) (/O

cpT + aJiD

(3)

(4)

is the nondimensionalized total enthalpy, f(rj) is the Blasius
function \J'(rf) = u/u ], and WA is the net volumetric rate of
atom mass production due to chemical reaction Taking
the chemical kinetics of a dissociating diatomic gas to follow
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the reaction

M + N, :

where N^, NA, and N* denote the number of moles of mole-
cules, atoms, and inert third-body collision partners, respec-
tively, application of the laws of phenomenological rate
kinetics9 yields

wA—
p

(1 - q

4(p /P t)
(5)

Then letting the recombination rate kR and the equilibrium
parameter K(T) be of the general form10 n

T

where kR', co, A, and $ are constants, TR i and TR 2 are con-
stant reference temperatures, and TD = ho/tR-M is the char-
acteristic molecular-dissociation temperature, the reaction
term on the right side of Eq (2) becomes

d^/dx

with

-R «,r& (6)

(7)

e - ( 8 )

The parameter F(£) is a characteristic local (convection
time/dissociation time) ratio for the boundary layer and is
seen to be directly proportional to the transformed stream-
wise coordinate £ along the plate The function D repre-
sents the dissociation-rate distribution across the boundary
layer and, as defined here, is independent of the local pres-
sure The function R represents the corresponding recom-
bination-rate distribution, being proportional to a2 and the
local pressure These functions have the important property
that D = R in the limiting case of equilibrium flow How-
ever, R is negligible in comparison to D throughout most of
the nonequilibrium boundary-layer flow regime along the
plate except very close to equilibrium

The boundary conditions to be imposed on the solution to
the foregoing equations are as follows: at the outer edge of
the boundary layer, a(°°,£) = ae = am, 0(°°,£) = 1, and
/ '(oo) = 1; and at the body surface, /(O) = /'(O) = 0,
y(0,Q = Tw = const, and either a(0,£) = 0 with 0(0, Q =
cpTw/hs e = Qw for a completely catalytic surf ace t or (da/
0)17)(0,£) = 0 with 0(0,£) = gw + oi(Q}QhD/hs e unknown for
the opposite extreme of a perfectly noncatalytic surface
In terms of the total enthalpy profile, the heat-transfer rate
qw is given by the expression

, (i + ff.) ?r (0,8 do)
where Hm = 2aJiD/um

2

Formulation of the problem is completed by specifying the
displacement-thickness distribution b*(x) of the nonequilib-

f The heterogeneous dissociation rate on the surface is assumed
negligible in comparison to the corresponding heterogeneous
recombination rate

rium boundary layer and an appropriate relationship between
the induced pressure field and dd*/dx Consistent with the
assumption of a small-disturbance, hypersonic inviscid flow,
the following expression for dd*/dx can be derived from the
basic definition

~ ( p u - pu)dy

upon neglecting the effect of molecular weight variation on
p/p (which is small in the present study) and using both the
thermal equation of state and Eq (4) ,

12 +7 a <•»
where 7 is the frozen specific heat ratio, %« =
Rem z)1/2 is the usual viscous interaction parameter,

— dx
(12)

(13)— —-
p dx

~ ^f Jo

The function I contains the combined effects of viscous dis-
sipation heating, inviscid flow dissociation, and nonequilib-
rium dissociation within the boundary layer on the local
mass flow deficiency due to the boundary layer The local
pressure field will be related to dd*/dx by the tangent wedge
approximation for the hypersonic small-disturbance inviscid
flow In particular, for the case of strong interaction (K* »
1) that is of prime interest here, this relation takes the form
following12:

(15)

Now, Eq (15) underestimates the induced pressure in the
region of moderate-to-weak interaction [(p /pm) — 1 <
0(1)] downstream of the leading edge, since it neglects
terms of order K*, which eventually become important in this
region However, this is of minor consequence for the pres-
ent purpose, since it will be seen that the significant effects
of the induced pressure field on the nonequilibrium relaxa-
tion in the boundary layer occur almost entirely in the strong
interaction region

The general solution to Eqs (2, 3, 6, 11, and 15) is a formid-
able mathematical task, involving a two-point boundary-
value problem for two partial differential equations (one
of which is highly nonlinear) that is coupled to a set of
nonlinear ordinary differential equations Even if one re-
duces Eqs (2) and (3) to ordinary differential equations by
assuming local similarity for the nonequilibrium boundary
layer (i e , neglecting the c)/d£ terms a priori), a numerical
solution on a digital computer is still required However,
a very useful insight to the main physical features of the
problem can be obtained by first studying the case of nearly
frozen nonequilibrium flow, where an analytical solution can
be obtained Moreover, this nearly frozen flow analysis
also can be used in constructing an approximate, local non-
equilibrium solution for arbitrary values of the reaction rate
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Nearly Frozen Nonequilibrium Flow

Dissociation within the hypersonic boundary layer along
the plate is instigated by the high temperatures resulting
from viscous dissipation heating At the leading edge where
the boundary layer is chemically frozen, there exists an initial
distribution of the dissociation rate per unit distance along
the plate (with a pronounced maximum at the maximum
frozen temperature), which initiates a dissociative relaxation
toward equilibrium with increasing distance downstream of
the leading edge The recombination rate across the bound-
ary layer in this highly nonequilibrium flow region is com-
pletely negligible by comparison unless am is extremely close
to unity

Seiies Method

Sufficiently near the leading edge, where the deviations
from chemically frozen flow are small, the effect of chemical
reaction on the boundary layer is related to the dissociation-
rate distribution based on frozen-flow conditions and di-
rectly proportional to the local nonequilibrium flow parameter
F(£)4 Therefore, one can assume solutions to Eqs (2)
and (3) of the form

(16a)

(i6b)
^) = TF(rj) + T(QTi(rj) (16c)

where the subscripts F and 7 denote the frozen-flow solution
and the first-order perturbations due to nonequilibrium
reaction, respectively By substituting Eqs (16) into
Eqs (2) and (3), equating to zero the net coefficient of each
power of F, dropping second- and higher-order terms in
F, and neglecting the effect of gas-phase recombination, one
obtains the following two sets of relations governing the
frozen-flow and the first-order reaction perturbations, respec-
tively :

with

fa*' + CLP" = 0

fgp' + gp" = 0
(17)
(18)

TF = TgF+ ™ (a*gr-
Cr>

+ -f [g - (/')*] (19)

with

fa/ + a/' - 2faf = -DF(aF,TF) (20)

fti + g" ~ 2/'flf/ = 0 (21)

Ti = (h gf - hDa!/cp} (22)

The corresponding boundary conditions become aX°°) =
am, 0X°°) = 1, «/(oo) = gr/(oo) = TI(CO) = 0 with either
ajp(O) = a/(0) = 0 or a/(0) - a/'(0) = 0 Also, for a
fixed wall temperature Tw, one has T'F(O) = Tw, gF(Q) =
gw + ap(G)hD/h , ^/(O) = 0, and gr7(0) = ar(G)hD/h

It should be noted that the equations governing the first-
order nonequilibrium effects do not involve the local pressure
and can, therefore, be solved independently of the particular
relationship, such as (15), assumed in calculating pe/p^
This fortunate situation arises from the fact that the entire
effect of the pressure field on the boundary-layer reaction
rate for nearly frozen flow is implicit in the coordinate £ when
gas-phase recombination is neglected Therefore, since F ̂
£ and £(d/c)£) ~ F, the pressure simply cancels out (residing
solely in F) in obtaining Eqs (20) and (21)

Relations governing the induced pressure field for strong
interaction, including the first-order back effect of nonequilib-
rium dissociation within the boundary layer, can now be
derived First, by substituting expansions (16a) and (16b)

into Eq (14), the displacement-thickness integral I can be
written as

I =Ip (23)
where

HK
2hD (CLP - (24a)

(24b)

are constants, which can be evaluated once Eqs (17-21) are
solved Then, by analogy with Eqs (16) and (23), one as-
sumes solutions for K* and p /pm of the form

K* = KF (25)

(26)

where KI* and PI depend on the frozen-flow solution Substi-
tuting Eqs (25) and (26) into (11) and (15) and dropping
second and higher terms in F, the following two sets of rela-
tions governing the frozen boundary-layer induced pressure
field and the nonequilibrium perturbation thereof, respec-
tively, are obtained:

l^1 +

Kz* = —

(Kf*y

nP)Ii (27a)

(27b)

(28a)

p =

where

- np)ym(ym + + 1 - 7f (28b)

I ( —- ) xdx
J^ \pjp

-} dx
(29)

Corresponding to the pressure field (26), it is also found that

0 = <M1 + (1 ~ *p)Pi(Ii/Ip)T] (30)

/Pm)x (31)

which prove useful later Note that, in deriving Eqs (28,
30, and 31), the parameters fa, nF, and ZF were each taken
to be constant This is indeed exact in the limit of strong
interaction (%co ^> 1) and also remains a good approximation
even for arbitrary values of x™, since these parameters are
rather slowly varying functions of x in the general case 13 14

Finally, the heat transfer to the plate can be written to
first order in F upon substitution of Eqs (16b, 26, and 30) into
(10) as

- (i + H.) {»/«> + r [, '(0) +

(32)

The two terms inside the square biacket multiplying F rep re-
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sent the first-order effect of nonequilibrium reaction on the
enthalpy profile, and the influence of the corresponding back
effect of this reaction on the induced pressure field, respec-
tively

Frozen-Flow Solution

Solutions to Eqs (17) and (18) for the stipulated boundary
conditions are easily obtained by direct integration Noting
that ff" -f- /"' = 0, the atom concentration distribution is
found to be

where j = 0 for a noncatalytic wall and j = 1 for a completely
catalytic wall The corresponding total enthalpy profile is

gp(rj) = g + (1 - gw)f + (hD/h )(1 - f')aF(Q) (34)

Then, for a fixed wall temperature, Eq (19) yields

regardless of the surface catalycity J For hypersonic flow,
this temperature profile yields a dissociation-rate distribu-
tion that is mainly concentrated in a rather narrow band
centered on the position 77 = 77* of the maximum in the
frozen temperature profile,4 14 the value of 77* given by

/'(77*) < 1 (36)

Turning to the calculation of the self-induced pressure field
acting on the frozen boundary layer, one first evaluates the
displacement-thickness integral If from solutions (33) and (34)
with the following result7:

I, = f " /'(I - f)dr, + ̂  f " (1 - /')*,
JO Woo2 JO

= 0470 + 1 220
(37)

To the present order of approximation, this relation gives
no effect of surface catalycity on the induced pressure field,
regardless of the inviscid flow dissociation level Now, the
algebraic Eqs (27) can be solved for with the following result
in the strong interaction case:

3 ,.

1 + Po (38)

which in the limit Xoo ^> 1 agrees with the result given by the
first-order strong interaction theory in Hayes and Probstein12

for a perfect gas

First-Order Solution

Equation (20) governing the first-order nonequilibrium
atom concentration and total enthalpy perturbations within
the boundary layer has been previously treated in analyses
of the nonequilibrium problem for the flat plate without an
induced pressure field 4 15 The solutions are readily ob-
tained by standard methods in terms of the known solution
S(T}) to the associated homogeneous equation

/*' + s" - 2fs = 0 (39)

with s(0) = 1 and s'(0) = 0 These solutions are

a/to) = *0?){ [1 ~ j + JV (17) M») - 4(77)} (40)

J Here, to be consistent with the hypersonic small disturbance
approximations and chemically frozen-flow conditions employed
one must take T = T«>

where

' v (oo)

(41)

(42a)

(42b)

(43)

Plots of §(77) and v (77) can be found in Ref 4 Calculation
of some typical distributions of the normalized reaction-rate
integral #0?)/#(«>) has shown that this ratio is relatively
unaffected by the details of the reaction-rate distribution 14

Moreover, it was found that unless the freestream is very
highly dissociated or TW/T0 > 0 25 with am > 0, it may be
taken as independent of the surface catalycity

It has been pointed out in Ref 4 that very useful closed-
form approximations to the over-all reaction-rate integrals
£T(oo) and #(77*) can be obtained by the method of steepest
descent16 for highly dissipative boundary-layer flows with a
pronounced temperature maximum in the boundary layer
Expanding Eq (43) into two single integrals with an integra-
tion by parts, and then using this method in evaluating the
integrals (see Ref 4 for details), one can obtain the following
analytical expressions :

4(77*) - 0

.(77*)]

^ F* DF(y*)

(44a)

(44b)

where

(45)

Equation (44b) can be thought of as representing the over-all
reaction-rate integral by the product of the dissociation rate
at the maximum frozen temperature and a form factor F*
accounting for the integrated effect of reaction across the
boundary layer as modified by convection and diffusion
Comparison with exact numerical values shows that this
approximation represents the functional dependence of
#(QO) on the various physical parameters very well and that
Eqs (44) yield a very good engineering solution for a/(r7*) 4 15

The first-order nonequilibrium solution is completed by
evaluating the displacement-thickness perturbation //
Substitution of the foregoing solutions for 0^(77) and
intoEq (24b) yields

11 = - £'<-> /.•<•>! •<•> - * -
2hD 7 (46)

The integral 7 can be regarded as independent of the surface
catalycity unless am -+ 1 or TW/TQ > 0 25 with am > 0
Consequently, the back effect of the nonequilibrium dissocia-
tion within the boundary layer on the self-induced pressure
field is not significantly affected by the surface catalycity
unless either the freestream is highly dissociated or the wall
temperature is extremely large Typical values of Ic are
presented in Table 1
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Summaiy of the Complete Solution

Let us now summarize the complete first-order solutions
obtained for the maximum atom concentration and corre-
sponding temperature, the induced pressure field, and the
heat transfer For this purpose, the closed-form approxi-
mations (44) previously defined will be employed (although
this is, of course, not necessary) Thus, by substituting the
foregoing perturbation solutions into Eqs (16c, 26, and 32),
one obtains T(ri*), p /pm, and Qw in terms of the frozen-flow
solution and the nonequilibrium atom concentration as
follows for a fixed wall temperature :

= TP(i,*) - (We*) X

lj
J/

ii
J/

where
- 1]}

(47)

(48)

(49)

(50)

The corresponding solution for the atom concentration is
given by

(51)

with§

r r< JL I f j e
= 1 Q(j)F [ ——(-)\p-/f X

-^^ LVa
IF I

(r,*) -
?(„*) (52)

where #(°°) is given (approximately) by Eq (44b) These
closed-form solutions, which are correct to first order in
a(^*) ~~ ^X7?*) as £ -*• 0,1T provide useful insight as to the
behavior of a nonequilibrium-dissociating boundary layer
with a self-induced pressure field Near the leading edge
of the plate, for example, (51) and (52) show that the strong
induced pressure field of the frozen boundary layer (x* ?> I ,
<j)F = 2,F ~ 2pQ FX^X) increases the atom concentration rela-
tive to the concentration predicted neglecting the induced
pressure field (%a> = 0, <£F = 1, F ~ x) by a factor 2p0 Fx<»
Correspondingly, Eq (48) shows explicitly that the resulting
back effect of the nonequilibrium dissociation on the bound-
ary-layer displacement thickness decreases the induced pres-
sure below the local frozen-flow value as the dissociation level
grows with increasing distance from the leading edge This
back effect grows near the leading edge for strong
interaction Similarly, Eq (49) shows that the back effect
on pressure also reduces the local heat transfer, in addition
to the reduction caused by the enhanced wall enthalpy for
the noncatalytic wall case Further details of the first-
order solution will be discussed in connection with some
specific numerical examples

§ Strictly speaking, the second term in Eq (52) should be
dropped as second order in a(ri*) — apd*) when used in Eq
(51) However, (52) is by itself correct to first order in a(q*) —
<*X*7*) and will be used later in extending our solution to arbi-
trary degrees of dissociation

1[ Under the original simplifying assumptions, a rigorous analy-
sis of the present problem using power series developments of
the dependent variables in XQO shows that the account of non
equilibrium effects given by these solutions is actually valid up
to and including terms of order z374 near the leading edge

Table 1 Typical values of the displacement-thickness
integral / : oxygen, co — 1 5, S = 0

M^ TW/TO i
25
25
25
25
20
15

0 029
0 116
0 232
1 000a
0 045
0 083

0 708
0 579
0 447
0 668
0 697
0 669

a Noncatalytic wall

Extension to Arbitrary Reaction Rate

The foregoing analytical solution for F(£) <£ 1 is helpful iff
understanding the effects of the induced pressure field and
in analyzing the initial nonequilibrium flow near the lead-
ing edge However, the usefulness of this solution is rather
limited because it usually covers only a small portion of the-
entire relaxation region along the plate, breaking down where
nonlinear reaction-rate effects become important More-
over, it does not prove fruitful to extend the first-order
analysis by carrying the series developments (16) to higher
order terms in F, since these higher-order corrections are
very complicated and have an extremely small radius of con-
vergence. Consequently, an approximate, nonlinear method
of carrying the nearly frozen solution forward throughout
the entire nonequilibrium flow field, which avoids numerical
solutions of the exact nonlinear, partial differential equations
of the problem, would be of interest

Such a method was originally devised by Rae in Ref 4 and
subsequently adapted with success by the present author to
several other problems involving nonequilibrium-dissociated
viscous flows with both gas-phase and/or catalytic surface
reactions 17 18 The method is based on the intuitive notion
that the nearly frozen first-order solution would still yield a
reasonably good description of the nonlinear relaxation be-
havior as well if the reaction rate is based on the local non-
equilibrium state instead of being evaluated from the frozen-
flow solution Applying this idea to the present problem,
then, one assumes that Eqs (47-51), which are rigorously
correct only for sufficiently small values of x, are, in fact,
essentially the correct solution everywhere provided that the
value of F from Eq (52) and the function # (<») defined by
Eq (44b) are both evaluated at the local, unknown values of
<*(??*), !F(i?*), and p /pm Thus, the following is adopted as
an approximate solution for the nonequilibrium atom con-
centration (including an induced pressure field) :

aF(,*) =* IX,*) F*[a(r,*),T(r,*)} X
(53)

with

2'UJ}
D[a(ij*),r(i;*)] = [1 - a(i,*)] X

2 r * TD ....(55)

R

n l r a^*)
Li + « P. (56)

where T(rj*) and p /pm are still given by Eqs (47) and (48),
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Fig 1 Typical distributions of a) maximum atom concentration,

d) heat transfer along a highly cooled noncatalytic plate:
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b) maximum temperature, c) induced pressure, and

Moo = 25, TW/T0 = 0 029; 200,000 ft alt

respectively Note that, in writing Eq (53), the complete
net reaction-rate function, including recombination, has
been used This is valid only when the local recombination
rate is small compared to the dissociation rate, which indeed
is the case until nearly complete equilibration of the dissocia-
tion reaction is reached Moreover, retention of the re-
combination term ensures that a(ty*) approaches the proper
functional dependence on T(TJ*) and p /pm as the solution
tends toward equilibrium at sufficiently large values of x,
since as x -> °° the net reaction rate D — R in Eq (53)
correctly approaches zero

The foregoing approximate solution yields a set of four
simultaneous nonlinear algebraic equations that are easily
solved directly By assuming a value of oj(ry*) and using
Eqs (47, 48, and 54-56), Eq (53) can be solved for T(x)
and the corresponding streamwise station thus determined
from (52) The corresponding local nonequilibrium heat-
transfer distribution can then be determined (approximately)
by direct substitution into Eq (49) Since this nonlinear
solution gives the correct initial behavior in the nearly frozen-
flow limit near the leading edge and also incorporates the
correct qualitative behavior at large x, it should provide a
fairly accurate description of the smooth, monotonic distribu-
tions of the unknowns along the plate expected in the present
problem Moreover, the proven usefulness of the extrap-
olation method in other applications suggests that it should
provide reasonable solutions in the presence of an induced
pressure field as well To be sure, as pointed out in Ref 4,
the method does not satisfactorily describe the boundary
layer all the way to equilibrium in the case of a cold wall, and
further comparisons with exact solutions are certainly needed
to more fully define its accuracy and limitations Never-
theless, it appears to be quite accurate over the very highly
nonequilibrium boundary-layer flow region in the vicinity

of the leading edge where the most significant induced pres-
sures are expected to occur

Numerical Examples

Discussion of Results

The main features of the present theory for a typical case
are illustrated in Figs la-Id, where distributions of 02(17*),
T(ri*)y p /p™, and Qw, respectively, for the flow of oxygen
over a cold, noncatalytic plate are shown with the induced
pressure field both taken into account and neglected Values
of the parameters used in the present numerical examples are
given in Table 2 To indicate the various operating effects,
both the first-order solution and various contributions com-
prising the local nonlinear solution for each variable have
been shown It is seen that the first-order solutions, both
with and without the induced pressure field taken into ac-
count, describe only a rather small portion of the entire non-
equilibrium flow region, significantly overestimating the
(nonlinear) relaxation effects beyond a local dissociation
level of roughly 10% With respect to the nonlinear solu-
tion for 01(77*), it is seen that the induced pressure field here
increases the local maximum degree of dissociation in the
boundary layer (relative to that predicted neglecting this field)
by a factor ranging from two to three or more over the first
10-ft run of plate This increase in a. (77*) also causes a pro-
nounced reduction of the local maximum temperature (e g , by
1300°K at x = 10 ft) because of the large dissociation energy
involved The corresponding back effect of the nonequilib-
rium dissociation on the displacement thickness reduces the
local induced pressure field about 20% below that computed
for a frozen boundary-layer flow, resulting in a slightly more
rapid pressure decay downstream of the leading edge Also,
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Table 2 Values of parameters used in example
calculations (1958 devised ARDC model atmosphere)

Gas: oxygen
hd = 1 649 X IO8 ft2/sec2

Td = 59,000°K
o> = -15
s = o
T i = 4500 K
k ' = 5 X IO14 cm6/mole2-sec
cp = 9800 ft2/sec2-°K
««, = 0

ry _ -|

A = exp!6
?«, = 1 4 0

Fig Id shows that the reduction in heat transfer caused by
nonequilibrium dissociation grows more rapidly downstream
of the leading edge when the induced pressure field is taken
into account, with about half of this enhanced reduction re-
sulting from the back effect of the nonequilibrium dissociation
on the pressure field itself However, it is seen that this
back effect has a negligible effect on both a(97*) and T(r)*)
throughout the relaxation region, which was generally found
to be the case in all the numerical examples presented here

The effect of flight altitude at M^ = 25 on the dis-
tributions of atom concentration and pressure along the plate
is shown in Figs 2a and 2b, respectively, for a highly cooled
noncatalytic wall ** It is seen that increasing altitude en-
hances the relative effect of the induced pressure field on the
nonequilibrium dissociation within the boundary layer be-
cause of a lower Reynolds number, although the dissociation
level itself is decreasing, since the reduced ambient density
decreases the dissociation rate From the results presented
in Figs 1 and 2 plus other examples computed,14 it appears
that the induced pressure field can have a significant effect
on the nonequilibrium flow field along the first 10 ft of a
highly cooled plate throughout the altitude range of 150-300
kft for flight Mach numbers in excess of 20 At lower flight
speeds in this altitude range, however, the initial dissociation
rate within the boundary layer (even including the effect of
the induced pressure field) is so small that the boundary
layer will remain completely frozen over plate lengths of
pi actical interest unless TW/T0 > 0 25

In all cases where the induced pressure field has a significant
effect on the nonequilibrium flow in the boundary layer, it is
seen that most of this effect occurs in the strong interaction
region By the time the decaying induced pressure ratio
(p /Poo) — 1 drops to values of order unity or less (moderate
to weak interaction regime), the difference between the solu-
tions obtained by either including or neglecting the induced
piessure field has already become comparatively small This
result justifies the use of Eq (15) as a model of the pressure
field for the purposes of the present investigation The
moderate-to-weak interaction regime tends to occur where
the boundary layer has already relaxed appreciably away
from the initial frozen state and would appear to be of in-
terest mainly in connection with a nearly or completely
equilibrated flow

It should also be noted that the effect of the gas-phase
recombination rate on each of the solutions presented here
was found to be completely negligible, as is illustrated, for
example, in Fig la This is not surprising since, as previ-
ously pointed out, the dissociation rate is known to be the
controlling reaction in a highly dissipative nonequilibrium
boundary layer until the flow approaches very close to
equilibrium 3 4 As may be seen in Figs 1 and 2, the bound-
ary layer is indeed far from equilibrium throughout, the

maximum atom concentrations remaining well below the
equilibrium values a g(ry*) corresponding to the local T(rj*)
for distances up to £ — 104 ft

Significance of the Fully Viscous Region

According to the present strong interaction theory, the
large self-induced pressures occurring near the leading edge
of a flat plate in hypersonic flow can significantly enhance the
dissociation rate and nonequilibrium atom concentration
(and reduce the temperature) within the boundary layer for
flight conditions of practical interest However, as shown by
the foregoing representative results, the theory predicts that
a good deal of the induced pressure field effect on the non-
equilibrium relaxation takes place extremely close to the
leading edge, where the strong interaction theory undoubtedly
breaks down because of the presence of a fully viscous shock
layer Therefore, in concluding, it is of interest to define
more precisely where the present analysis fails in this respect,
using a rough estimate of the upstream limit of the strong
interaction theory (downstream limit of the fully viscous
theory) due to Oguchi19 Equating the pressure obtained
from an analysis of the wedge-like fully viscous region for
frozen flow to the pressure given by strong interaction
theory, he finds that the latter theory should be (roughly)
applicable beyond a certain distance xd n given b}

(57)

where G is a function of the wall temperature ratio TW/T0 alone
(see Ref 19) ranging from a value of 0 25 for a highly cooled
wall to 0 80 for an adiabatic wall with Pr — 1 and a linear
viscosity-temperature relation Using Eq (57), the values
of xd wn appropriate to each of the numerical examples pre-
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300 000 FT

a)

103

I02

300000 FT
250 000 FT

-200000 FT
150 000 FT
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io-2 I02
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b)

** Additional numerical results showing the effects of Mach
number surface catalycity, and wall temperature can be found
inRef 14

Fig 2 Effect of altitude on a) maximum atom concen-
tiation and b) induced pressure along a noncatalytic

plate: Moo = 25, Tw = 1000 K
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sented here have been computed and are indicated on Figs
1 and 2 Now, from the solutions obtained with the in-
duced pressure field neglected, one would conclude that the
nonequilibrium boundary-layer relaxation begins essentially
downstream of the fully viscous flow region for all the flight
conditions shown in these figures On this basis, the bound-
ary-layer theory would be acceptable for analyzing the non-
equilibrium aspects of the flow problem and the more diffi-
cult, fully viscous region could be treated as a chemically
frozen (perfect-gas) problem However, upon taking the
effect of the induced pressure field into account according to
strong interaction theory, it is seen instead that a consider-
able degree of nonequilibrium dissociation occurs in the fully
viscous flow region where the strong interaction theory
breaks down As expected, Fig 2 shows that an increasingly
greater portion of the significant induced pressure-field effect
on chemical relaxation falls within this viscous region with
increasing altitude

On the basis of the foregoing estimates, it is clear that the
strong interaction boundary-layer theory overestimates the
effect of the strong induced pressure field on the nonequilib-
rium boundary-layer relaxation along a flat plate This is
because the induced pressure field involved increases without
limit (^o;~1/2) as the leading edge is approached and thus
gives too high a pressure (and dissociation rate) at sufficiently
small values of x, whereas there actually occurs a leveling-
off of the pressure to a certain plateau value as x -> 0 be-
cause of the wedge-like action of the fully viscous re-
gion 14 19 20 In this respect, the present theory serves as a
useful upper limit in determining the effects of the induced
pressure field on the nonequilibrium viscous flow along the
plate Moreover, since the induced pressure at the leading
edge plateau can be quite large under the hypersonic, high-
altitude flight conditions considered, there could still be a
significant enhancement of the dissociation over the plate
even when a more realistic model of the pressure field that
includes the effect of the fully viscous flow region is used
If this indeed be the case, then the fully viscous region itself
could contain nonequilibrium dissociation and would not
be satisfactorily regarded as a chemically frozen flow
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